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Here, (255, 127, 63).cyclic difference sets are exhaustively constructed. There 
arc, in total, 64 distinct (255, 127, 63).cyclic difference sets. They include one 
Singer’s type and three miscellaneous types. These cyclic difference sets of 
miscellaneous types also provide new examples of Hadamard matrixs of order 256 
and two-level autocorrelation sequences of length 255. 
1. INTRODUCTION 
Because of the wide applications of Hadamard matrixs and two-level 
autocorrelation sequences, cyclic difference sets with parameters (2” - 1, 
2’-’ - 1, 2+* - 1) are particularly interesting. Exhaustke searching of 
(127, 63, 31)-cyclic difference sets has been done [I]. The search of 
(255, 127,63)-cyclic difference sets, however, turns out to be much more 
difficult because of the formidable computational time. In this article, we 
apply a technique which can reduce the computational time drastically to 
complete this search. 
Given a positive -integer U, let U denote the set of nonnegative integers 
smaller than U. Let D be a subset of U. One calls D as a (u, k, A)-cyclic 
difference set if and only if D contains k elements in U, and, for any d E U, 
d # 0, there are exactly /z pairs of (d,, d,), d, E D, and d, E D, such that 
d = d, - d, mod 2). Let 
and 
D = (4, dz,..., 4) 
6(x) = 5 Xd,. 
i=l 
(1) 
(2) 
From the definition of cyclic difference set, it is easy to see that 
6(x)6(x-1)~n+A modx” - l i> (3) 
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where n = k - /1. Moreover, when u is not a prime, one can utilize the infor- 
mation about its factorization for the construction of (v, k, A)-cyclic 
difference sets. Let w be any proper divisor of V, then Eqs. (2) and (3) can be 
written as 
W-l 
e(x) E c biX’ modx” - 1, (4) 
i=O 
O(x) f(xp’) E n + (h/w) /“f’ xi) mod xr - 1. (5) 
i=O 
In [2], Baumert showed the following result: 
THEOREM. If a (v, k, A)-cyclic difference set exists, then, for every divisor 
w of v, there exists integers bi (0 < i < w - l), satisfying the diophantine 
equations 
and 
W-l 
r bi = k, 
i=O 
(6) 
w-1 
c b; = n t @v/w), 0 < bi < (V/W)> (7) 
i=O 
r bibi-j = /lvlw 
i=O 
for 1 <j< w- 1. (8) 
Here the subscript i-j is taken modulo w. 
Usually, one uses this result to prove the nonexistence of cyclic difference 
set with certain parameters. An example is given in [2]. Moreover, one can 
also use it to reduce the difficulty of an exhaustive search. The following 
simple example will illustrate this: 
EXAMPLE. For (15, 7, 3)-cyclic difference set, since 15 = 3 X 5 and 2 is a 
multiplier of this cyclic difference set, the cyclotomic cosets we need to 
consider are, 
mod 3 mod 5 mod 15 
Cb” = {O} cb” = (0) CX3’ = (0) 
cy = {l, 2) C~‘={1,2,4,3} C\3’ = { 1, 2,4, 8) 
cy= (7, 11, 13, 141 
Cy’ = (3, 6,9,12) 
cy = ($10). 
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The relations between them are given as follows: 
mod 15 mod 3 mod 5 
ch3’ c”’ 
2CyL’ 
c'2' 
0 
(53) 
1 
(32) 
1 
c'3' 
2 
2ci” p 1 
C'3' 
3 4ch” 
cm 
c'3' 4 c(l) 1 2& 
Let 
modx” - 1, 
where ai = 1 if Cj3’ c D and aj = 0 if Ci3’ c! D. Then, since D contains 7 
elements, one has 
a, + 4(a, + a, + a3) + 2a, = 7. 
When w = 3, Eq. (7) gives 
(9) 
(a, + 4a3)2 + 2(2(a, + a2) + a4)2 = 19. 
When = 5, Eq. (7) gives 
(10) 
(a, + 2a,)’ + 4(a, + a2 t ~2~)~ = 13. 
From (9), the possible solutions are 
(11) 
a, = a, = 1, one among a,, a2, and a3 must be 1. 
Others must be 0. (12) 
Moreover, by considering (lo), one finds that the case with a3 = 1 and 
a, = u2 = 0 is impossible. Hence, one ends up with 
a, = a4 = 1, u3 = 0; one of a, and u2 must be 1, 
and the other must be 0. (13) 
Equations (11) does not provide further information. In fact, both possible 
solutions in (13) give (15, 7, 3)-cyclic difference sets and they belong to 
Singer’s type. 
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2. CONSTRUCTION OF (255, 127, 63)-CYCLIC DIFFERENCE SETS 
Since 255 = 3 x 5 X 17, and 2 is a multiplier, the cyclotomic cosets we 
need to consider are tabulated in Table I and relations between them are 
given in Table II. By applying the information in the first 5 columns in Table 
II, one can decompose all 35 cyclotomic cosets modulo 255 into 12 classes. 
They are 
ao: A 000 = G’)l, 
al. -A 001 = IV19 
a,: A 002 = cc:;% 
a3. .A 010 = IC:‘:h 
a4. .A o,l = {q’, cc,:,, cg, c:y,, 
a,. *A o,* = {q”, c$), c(1y, cg}, 
a,: A 100 = {cm 
a,: A 101 = m, w> 
as* *A 102 = G”, G’l, 
ag: A 110 = VT), w, 
alo: A 111 = {C”’ cy, CC’) cg, cg, cy3j, cg, q’4 13 
all: A 112 = {c;‘): cp, c;;j: cg Ci’B, cg, cg, cg,, 
where Aij, contains all cosets Ci” such that 
(7’) E act” 
I mod 3, Cj7’ E b@ .I mod 5, 
and 
with 
and 
c(7) _ &3) 
1 ,k mod 17, 
a=IC)“I/ICjl)(, b= /Cj7’I/jCj2)I, 
c= lcyI/lcy)I, 
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TABLE I 
Cyciotomic Cosets for (255, 127, 63).Cyclic Difference Sets 
mod 3 mod 5 mod 17 mod 15 
cb” = (O} cp = {O) cb”’ = (0) cb”’ = {O} 
C;“=(l,2} C;*‘=(1,2,4,3] C’,3’=(1,2,4,8,16,15,13,9} Ci4)=[l,2,4,8} 
Cy’= (3,6, 12,7, 14, 11,5, IO} C:‘= {3,6, 12,9) 
c?) = (5, lo} 
cp= (7,14,13,11} 
mod 51 mod 85 
cp) = (0) 
C’f’ = (1, 2,4, 8, 16, 32, 13, 26) 
ct5’= (3 6 12 2 24 48 45 39 27) / > > 3 
c:” = (5: lb, 2b, 40,29, 7, 14, 28) 
f?‘= (9 18 36 21 42 33 15,30} 1 I > , 1 3 . 
&II 22 44,37,23,46,41,31) 
c@ = (17: 34j 
Cy’ = (19,38,25,50,49,47,43,35} 
cb”’ = (0) 
C:“) = (1, 2,4,8, 16, 32, 64,43} 
c’@=(3 6 12 24 48 11 22 44/ 2 >, , > 2 13 
Ct6’= (5 10 20 40 80 75 65 45) 3 > 3 > , I > 1 
Ct6’ = (7 14 28 56 27 54 23 46} 1 3 , 3 
c+ = (9: 18: 36: 72, 59, 33, 66,47) 
Cc6’= (13 26 52 19 38 76 67 49) I , > > > > 3 
C+ = (15, 30, 60, 35, 70, 55, 25, 50) 
Cr’=(17,34,68,51} 
C?‘=(21 42 84 83 81 77 69 53) > > > > > 1 
C;;’ = 129: 58, 31,62, 39, ‘78, 71, 57) 
C’6’=(37 74 63 41 82 79 73 61) II 1 , 1 > f 1 1 
where IA / denotes the number of elements in A, and ai denotes the number of 
cosets belonging to D in each class. For example, 
C(7) z gc’l’ 
5 0 mod 3, G(7) E 2c’Z’ 5 1 mod 5, 
and 
cl” z c’3’ 
1 mod 17. 
Hence Cc7’ E A 3 5 011’ Obviously, 
O<a,,a,,a,,a,,a,< 1, O<a7rag,ag<2, 
0 < a4, a, < 4, O,<a,,,a,,<B. 
Since D contains 127 elements, one has 
a~ + 2% + 4(% -t a,> f  8(a, + a2 + a4 + a5 + u, + a8 + a,, + al,) = 127. 
(14) 
TABLE II 
Relations between Cyclotomic Cosets for (255, 127, 63) Cyclic Difference Sets 
Smallest 
element 
in the 
cyclotomic 
coset modulo 
mod 255 255 mod 3 mod 5 mod 17 mod 15 mod 51 mod 85 
C(7) Cl 0 
p I 1 
C'7' 2 3 
p 3 5 
cm 4 7 
c(7) 5 9 
cm 6 11 
c’7’ 7 13 
c’l’ 8 15 
cm 9 17 
c(7) 10 19 
c’7’ 11 21 
c’l’ 12 23 
c(l) 13 25 
c’7’ 14 27 
C’7’ 15 29 
c’l’ 16 31 
C’7’ 17 37 
c’7’ 18 39 
c(7) 19 43 
c’l’ *II 45 
c’l’ 21 47 
c’7’ 22 51 
C’U 23 53 
c’7’ 24 55 
c’7’ 25 59 
p 26 61 
c’7’ 27 63 
c’7’ 28 85 
c’l’ 29 87 
c’” 30 91 
C’7’ 31 95 
C’7’ 32 111 
c’7’ 33 119 
c’7’ 34 127 
C(I) 
4$’ 
SC;’ 
4ci” 
4ci” 
8Cb” 
4c\” 
4c:” 
8Cb” 
2c)” 
4C{” 
8Cb” 
4cIl’ 
4cj” 
SC?’ 
4cIl’. 
4c:l’ 
4c:l’ 
SC;’ 
4c’,” 
8Cb” 
4c:” 
4Cb” 
4ci” 
4ci” 
4c’,l’ 
4c{” 
SC;’ 
C”’ 
SC;” 
4c:” 
4ci” 
SC:’ 
2q 
4c\” 
C’Z’ 
2cpz’ 
2cj*’ 
8Cr’ 
2cY’ 
2c:z’ 
2cp 
2cp 
SCb” 
cm 
2Cfi’ 
2c”’ 
2c(2’ 
8C;*’ 
2p 
2c\*’ 
2cY’ 
2CjZ’ 
2c:z’ 
2q2 
8Cb*’ 
2ci2’ 
C’Z’ 
2Cf2) 
SC:’ 
2cF’ 
2C\2’ 
2c:z’ 
2c:’ 
2ci2’ 
2p 
8C;*’ 
2C\2’ 
C’Z’ 
2& 
p 
2c;4, 
2c:4’ 
4c:4’ 
2cY’ 
2c:4’ 
2c&4’ 
2c14) 
8C;’ 
c’4’ 
2c1”’ 
2c:4’ 
2C:4’ 
4c:4’ 
2c:4’ 
2cp 
2cp 
2c:4’ 
2c:4’ 
2ckJ’ 
8Cb4’ 
2c:4’ 
C’4’ 
2$4’ 
4c14’ 
2ck4’ 
2cp 
2c:4’ 
C’4’ 
2cg 
2c:4’ 
4c:4’ 
2cp’ 
~‘6’ 
I 
C’6’ 
2 
C’“’ 
3 
~‘6’ 
6 
~‘6’ 
8 
c’6’ 
9 
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When w = 3, Eq. (7) gives 
(a, + 4% + 8(a, + uz + ~4 + ad’ + 2(a, + 2u, + 4(u, + u8 + a,, + all))’ 
- 5419. (15) 
When w = 5, Eq. (7) gives 
(a,, + 2u, + 8(u, + u2 + a, + as))’ + 4(a, +‘a, + 2(u, + a, + a,, + all))’ 
= 3277. (16) 
When w = 17, Eq. (7) gives 
(a~ + 2u, + 4(u, + Qg))’ + 8(u, + 04 + a7 + a1o)2 + 8(~2 + Us + Us + all)' 
= 1009. (17) 
By solving Eqs. (14-17), all possible solutions of ui, 0 < i < 11, are 
tabulated in Table III. One notes that, since a, = u3 = u6 = 1 and a, = 2, it 
implies that D must contain Cr’, Cii), Cq”, C::‘, and C$i). 
Secondly, let us consider the case with w = 51. All cyclotomic cosets Ci”, 
0 < i < 34, can be decomposed into 8 classes listed as follows: 
b,: B, = {C;‘, C$‘:}, 
b,: B, = (CM > 
(7) c$7’, c:“, c;g, c’7’ 
1 25 f
b,: B2={C20> 2 > 
(71 c’7’ c$, c;;), c’7’ 
1 27 Y 
b,: B, = CC:“, Cy’, C(,;‘, C;;‘, Ci’d}, 
b, : B,={C, 3 11, (7) C’7’ c;;), Q, cp 17 
b, : B,={C, 2 129 (7) c’7’ ci;), c(1-y, Cy/} 2 
b,: B, = {C, , (7) c-i’, C’7’ I 33 3 
b,: B, = {Cl;), C(,;), C;;‘, C;;‘, C:‘,‘}, 
where Bi consists of all cosets Cl’) such that 
c’7’ E &!5’ 1 I mod 51 with a = ICj”i/jCj”‘I, 
and bi denotes the number of cosets belonging to D in class Bi. We do not 
need to consider b, and b, simply because D must contain both B, and B,. 
From Eq. (7), after simplification, one gets 
b: + b; + b: + b: + b; + b; = 38. (18) 
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TABLE III 
All Possible Solutions of ni, 0 Q i < 11 
1 
2 
3 
4 
5 
6 
1 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
a1 
1 
1 
1 
1 
0 
0 
0 
0 
0 
0 
0 
0 
1 
1 
0 
0 
0 
0 
1 
1 
0 
0 
0 
0 
0 
0 
1 
0 
0 
0 
0 
0 
1 
1 
a, = a, = a6 = 1 a, = 2 
6 
- 
1 
1 
0 
0 
1 
1 
0 
0 
0 
0 
0 
0 
0 
0 
1 
1 
1 
1 
0 
0 
0 
0 
0 
0 
0 
0 
1 
0 
0 
0 
1 
1 
0 
0 
a4 
0 
2 
2 
2 
1 
1 
3 
3 
3 
1 
1 
1 
0 
0 
3 
3 
0 
0 
3 
3 
4 
4 
4 
0 
0 
0 
1 
2 
2 
2 
2 
2 
1 
1 
a! 
- 
2 
0 
1 
1 
2 
2 
1 
1 
1 
3 
3 
3 
3 
3 
0 
0 
3 
3 
0 
0 
0 
0 
0 
4 
4 
4 
1 
2 
2 
2 
1 
1 
2 
2 
4 
Ruled out 
a8 alo all by %. (18) 
0 0 6 4 
0 0 4 6 
1 0 3 6 
0 1 4 5 
1 0 5 4 
0 1 6 3 
0 2 4 4 
1 1 3 5 
2 0 2 6 
0 2 6 2 
1 1 5 3 
2 0 4 4 
1 0 5 4 
0 1 6 3 
1 0 3 6 
0 I 4 5 
1 0 6 3 X 
0 1 7 2 X 
1 0 2 7 X 
0 1 3 6 X 
2 0 1 1 X 
1 1 2 6 X 
0 2 3 5 X 
2 0 5 3 X 
0 2 7 1 X 
1 1 6 2 X 
0 0 5 5 
1 1 4 4 X 
2 0 3 5 
0 2 5 3 
1 0 4 5 X 
0 1 5 4 X 
1 0 4 5 X 
0 1 5 4 X 
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In addition, by comparing A,, and Bi, one has 
b, + b, = a,, + a,, (19) 
b,+b,=a,+a,,, (20) 
b‘,=a, tad, (21) 
b,=a,+a,. (22) 
By Eqs. (18~(22), one can rule out several possibilities in Table III. All 
possibilities in Table III can be summarized by the following three cases: 
Case 1. When b, = 4, b, = 0 or b, = 0, b, = 4, one has, 
(b,, b,, b,, 6,) should be a permutation of 
(1, 1,2,4) or C&2,3,3). (23) 
This implies (a, + a,,, a, + alI) must be one of (2,6), (6,2), (3,5), and (5,3). 
This result rules out all the possibilities with (b,, b4) = (0, 4), or (4, 0) in 
Table III. 
Case 2. When b, = 2, b, = 2, one has, 
(b, , b,, b,, b,) should be a permutation of 
(1,2,3,4) or (0, L2,5). (24) 
This implies (a, + a,,, a8 + a,,) must be one of (1, 7), (7, I), (2,6) (6, 2), 
(3,5), (5,3), (3,7), (7,3), (4,6), (6,4), and (5, 5). This result rules out 
several possibilities in Table III. 
Case 3. When b, = 1, b, = 3 or b, = 3, b, = 1, one has, 
(b, , b,, b,, b,) should be a permutation of 
(1, 1, L5), (2,2,2,4), or (1,3,3,3). (25) 
This implies (a, + a,,, a, + all) must be one of (2,6), (6,2), (4, 6), and 
(6,4). This result will not rule out anything in Table III. 
One should note that, in the final exhaustive search, both Eqs. (24) and 
(25) can serve as the constraints which will still reduce the compational 
time. 
The case with w = 15 can provide more constraints in the final exhaustive 
search. 
Combining all of the previous results, we are able to construct 64 
(255, 126,63)-cyclic difference sets. They belong to 4 different types. Each 
type contains 16 examples. Any example of a given type ca.n be generated 
from any other of the same type by decimation [3]. One of these four types 
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is the well-known Singer’s type and the other three are miscellaneous types. 
Finally, we give both the Singer’s type and three miscellaneous types by their 
representatives as follows: 
Singer’s Type 
0, 1, 2, 3, 4, 6, 7, 8, 12, 13, 14, 16, 
17, 19, 23, 24, 25, 26, 27, 28, 31, 32, 34, 35, 
37, 38, 41, 45, 46, 48, 49, 50, 51, 52, 54, 56, 
59, 62, 64, 67, 68, 70, 73, 74, 75, 76, 82, 85, 
90, 92, 96, 98, 99, 100, 102, 103, 104, 105, 108, 111, 
112, 113, 118, 119, 123, 124, 127, 128, 129, 131, 134, 136, 
137, 139, 140, 141, 143, 145, 146, 148, 150, 152, 153, 157, 
161, 164, 165, 170, 177, 179, 180, 183, 184, 187, 189, 191, 
192, 193, 196, 197, 198, 199, 200, 204, 206, 208, 210, 216, 
217, 219, 221, 222, 223, 224, 226, 227, 236, 237, 238, 239, 
241, 246, 247, 248, 251, 253, 254. 
Miscelleneous Types 
1. 
0, 1, 2, 4, 7, 8, 9, 11, 14, 16, 17, 18, 
19, 21, 22, 23, 25, 27, 28, 29, 32, 33, 34, 35, 
36, 38, 42, 43, 44, 46, 49, 50, 51, 54, 56, 58, 
61, 64, 66, 68, 69, 70, 71, 72, 76, 79, 81, 84, 
85, 86, 87, 88, 89, 92, 93, 95, 97, 98, 99, 100, 
101, 102, 108, 112, 113, 116, 117, 119, 122, 125, 128, 131, 
132, 133, 136, 137, 138, 139, 140, 141, 142, 144, 145, 149, 
152, 153, 158, 162, 163, 167, 168, 170, 171, 172, 174, 175, 
176, 177, 178, 184, 186, 187, 190, 193, 194, 196, 197, 198, 
200, 202, 204, 209, 211, 213, 215, 216, 221, 224, 226, 232, 
233, 234, 235, 238, 244, 245, 250. 
2. 
0, 1, 2, 3, 4, 6, 8, 12, 13, 15, 16, 17, 
24, 25, 26, 27, 29, 30, 31, 32, 34, 35, 39, 47, 
48, 50, 51, 52, 54, 57, 58, 59, 60, 61, 62, 64, 
67, 68, 70, 71, 78, 79, 85, 91, 94, 96, 99, 100, 
102, 103, 104, 107, 108, 109, 114, 116, 118, 119, 120, 121, 
122, 124, 127, 128, 129, 134, 135, 136, 140, 141, 142, 143, 
145, 147, 151, 153, 156, 157, 158, 161, 163, 167, 170, 173, 
177, 179, 181, 182, 187, 188, 191, 192, 195, 198, 199, 200, 
201, 203, 204, 206, 208, 209, 211, 214, 216, 217, 218, 221, 
223, 225, 227, 228, 229, 232, 233, 236, 238, 239, 240, 241, 
242, 244, 247, 248, 251, 253, 254. 
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3. 
0, 1, 2, 3, 4, 6, 7, 8, 11, 12, 14, 15, 
16, 17, 21, 22, 23, 24, 25, 28, 29, 30, 32, 34, 
35, 37, 41, 42, 44, 46, 47, 48, 50, 51, 56, 58, 
60, 64, 68, 69, 70, 71, 73, 74, 81, 82, 84, 85, 
88, 91, 92, 94, 96, 97, 100, 102, 107, 109, 111, 112, 
113, 116, 119, 120, 121, 123, 127, 128, 129, 131, 133, 135, 
136, 138, 139, 140, 142, 145, 146, 148, 151, 153, 162, 163, 
164, 168, 170, 173, 176, 181, 182, 183, 184, 187, 188, 189, 
191, 192, 193, 194, 195, 197, 200, 203, 204, 209, 214, 218, 
219, 221, 222, 223, 224, 225, 226, 229, 232, 237, 238, 239, 
240, 242, 246, 247, 251, 253, 254. 
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